SIGNATURES OF LINKS IN RATIONAL HOMOLOGY SPHERES 
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Abstract. A theory of signatures for odd-dimensional links in rational homology 
spheres is studied via their generalized Seifert surfaces. The jump functions of sig- 
natures are shown invariant under appropriately generalized concordance and a special 
care is given to accommodate 1-dimensional links with mutual linking. Furthermore our 
concordance theory of links in rational homology spheres remains highly nontrivial after 
factoring out the contribution from links in integral homology spheres. 



1. Introduction and main results 

Signature invariants of knots and links have been studied in many articles, and turned 
out to be effective in various problems in knot theory, especially in studying concordance. 
Signatures were first defined as numerical invariants from Seifert matrices of classical 
knots in the three space by Trotter |25fl . Murasugi formulated a definition of signatures for 



links Tristram introduced link signature functions f24fl . Kauffman and Taylor found 
a geometric approach to signatures of links using branched covers [|l(J • Milnor defined a 
signature function from a duality in the infinite cyclic cover of a knot complement f2l |. It 



is known that all the approaches are equivalent |5], |10|, |2(| . Signature invariants are known 
to be concordance invariants of codimension two knots and links in odd dimensional 



spheres. In the remarkable works of Levine [16|, [17), signature invariants are used to 
classify concordance classes of knots. Levine showed that the knot concordance groups 
are isomorphic to the cobordism groups of Seifert matrices in higher odd dimensions, 
and signatures are complete invariants for the matrix cobordism groups modulo torsion 
elements. 

In this paper, we develop signature invariants of arbitrary links of codimension two 
in odd dimensional rational homology spheres, motivated from the work of Cochran 
and Orr || |J. Our signatures are invariant under the following equivalence of links 
in rational homology spheres. An n-link L in a rational homology (n + 2)-sphere £ is 
a submanifold diffeomorphic to an ordered union of disjoint standard n-spheres. Such 
a link is sometimes denoted by a pair (E, L). Two n-links (E ,L ) and (Ei,Li) are 
rational homology concordant (or Q- concordant) if there is an (n + 3)-manifold S whose 
boundary is the disjoint union of — E and Ex such that the triad (S,E ,Ei) has the 
rational homology of (S n+2 x [0, 1], S n+2 x 0, S n+2 x 1), and there is a proper submanifold 
L in S diffeomorphic to Lq x [0, 1] such that the boundary of the i-th component of L is 
the union of the z-th components of — Lq and L\. Concordant links are clearly rational 
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homology concordant as well, and so the signatures studied in this paper are invariant 
under ordinary concordance as well. 

As done in |25], |24], jTOf for links in S 2q+1 , we extract invariants of links from the 



signature function 
and its jump function 

sm = 



a\{4>) = sign((l - e*)A + e(l - e~^)A T ) 



lim c A ((f)) — lim a A (<f)), if 9 is not a multiple of 2tt 



0, otherwise 

where A is a rational Seifert matrix, and 9 are reals, and e = (— We follow 
the convention that the signature of an anti-hermitian matrix P is the signature of the 
hermitian matrix yf—l • P. Section ^| is devoted to an algebraic study of 5 q A and a q A . 
Especially, we prove a reparametrization formula for 5 A and a A of a Seifert matrix of a 
union of parallel copies of a Seifert surface (see Lemma |2.2| , Theorem |2.1| ) . 



A Seifert surface of a link L is defined to be an oriented submanifold bounded by L in 
the ambient space. L has a Seifert surface if and only if there exists a homomorphism 
of the first integral homology of the exterior of L onto the infinite cyclic group sending 
each meridian of L to a fixed generator. In general, such a homomorphism does not exist 
and links bound no Seifert surfaces, unless the ambient space is an integral homology 
sphere. In the case of rational homology spheres, we show that a certain union of parallel 
copies of a link L bounds a Seifert surface even though L itself does not. More precisely, 
for an m-component link L and r = (r») G Z m where Tj are relative prime, we call an 
oriented submanifold F a generalized Seifert surface of type r for L if for some nonzero 
integer c, F is bounded by the union of \cTi\ parallel copies (or negatively oriented copies 
if crj < 0) of the i-th component of L for all i. If L is a 1-link, the parallel copies are 
taken with respect to some framing / on L and the surface F and the framing / must 
induce the same framing on the parallel copies. We call c the complexity of F. A higher 
dimensional link admits a generalized Seifert surface of any type r. But a 1-link admits 
a generalized Seifert surface of the types satisfying a certain condition and a framing is 
uniquely determined by a given type. Furthermore Q-concordant links admit generalized 
Seifert surfaces of the same type. (See Theorem |3.2| and Theorem [3.4j .) 

We define a Seifert matrix to be a matrix associated to the rational-valued Seifert 
pairing on the middle dimensional rational homology of a generalized Seifert surface, and 
derive invariants of a link from the signature jump function of a Seifert matrix as follows. 
Let sgna = a/\a\ for a ^ 0. The signature jump function of type r for a (2q — l)-link L 
is defined by 

8l{0)=s®xc-5\{9/c) 

where A is a Seifert matrix of a generalized Seifert surface F of type r for L and c is the 
complexity of F. Our main result is that the signature jump function 5 T L is a well-defined 
invariant under Q-concordance which is independent of the choice of generalized Seifert 
surfaces. 

Theorem 1.1. If L and L\ are Q-concordant, o~ T Lo {9) = 5 T Li {9) for all 9. 
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For r = (1 • • • 1), we denote 8 T L by S L . If L is a link in an integral homology sphere, L 
bounds a Seifert surface F and o~l{@) can be computed from a Seifert matrix of F. Hence 
our signature invariant is a generalization of the well-known signature invariant of links 
in the spheres. 

For 1-links that are null-homologous modulo din a rational homology 3-sphere, Gilmer 
defined the c?-signature that depends on the choice of a specific element in the first 
homology of the ambient space || . We remark that it is equal to the evaluation of the 
signature function associated to a generalized Seifert matrix of type (1 • ■ ■ 1) at the d-th 
roots of unity, and so it can be derived from our signature jump function. 

A link is called a slice link if its components bound properly embedded disjoint disks 
in a rational homology ball bounded by the ambient space. For a link L and an ra-tuple 
a = (si, . . . , s n ) with Si — ±1, let i a L be the union of n parallel copies of L where the z-th 
copy is oriented according to the sign of Sj, and let n a be the sum of Sj. The complexity 
c T (L) of type r for L is defined to be the minimum of the absolute values of complexities 
of generalized Seifert surfaces of type r. 

For i = 1,2, let (£.;, Lj) be an n-dimensional link with m^-components and E>i be 
an (n + 2)-ball in Sj such that for some k > 1, B± intersects k components of Lj at 
a trivial fc-component disk link in B ri . By pasting (Si — inti?i,Li — hit I?! H Li) and 
(S 2 — int B 2 , L 2 — int B 2 H L 2 ) together along an orientation reversing homeomorphism 
on boundaries, a (mi + m 2 — A;)-component link is obtained and is called a connected 
sum of Li and L 2 . A connected sum depends on the choice of Bi if m > 2. Some useful 
properties of our signature invariant are listed in the following theorem. 

Theorem 1.2. 

1. If Lis slice, 51(6) = 0. 

2. Ifn a + 0, 8l aL {9) = sgnn a • 5l(nJ). 

3. 5 T L {6) is a periodic function of period 2n ■ c T (L). 

4. Let L be a connected sum of (2q — l)-links L\ and L 2 . If either q > 1 or L\, L 2 are 
knots, then 5 T L {6) = 5 T Li {6) + 5 T L2 {6). 

In Section ^, we prove the above results by combining the techniques of signatures of 
links in S 2q+1 with the reparametrization formula in Section that plays a key role in 
resolving the difficulty that links do not bound Seifert surfaces. 

We give examples of links in rational homology spheres whose signature jump func- 
tions have arbitrary rational multiples of 2tt as periods, and show that the theory of 
Q-concordance of links in rational homology spheres is not reduced to the concordance 
theory of links in spheres. In fact we construct a family of infinitely many Q-concordance 
classes of knots that are independent modulo knots in the spheres in the following sense. 
Let C n and be the set of concordance classes of n-knots in S n+2 and the set of 
Q-concordance classes of n-knots in rational homology spheres, respectively. They are 
abelian groups under connected sum. We have a natural homomorphism C n — > since 
concordant links in a sphere are Q-concordant. 

Theorem 1.3. There exist infinitely many (2q — l)-knots in rational homology spheres 
that are linearly independent in the cokernel of C 2q _ 1 — > C 2 ^ q _ 1 . 

We remark that knots constructed by Cochran and Orr using the covering link con- 
struction are nontrivial in the cokernel since they are not concordant to knots of 
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complexity one. Our result shows that the cokernel is large enough to contain a subgroup 
isomorphic to Z°°. 

On the other hand, we illustrate that our theory is also useful for links in spheres by 
offering alternative proofs of a result of Litherland |19|] about signatures of satellite knots 



and a result of Kawauchi JTT|] about concordance of split links. In a separated paper 



we will compute signature jump functions of covering links and study concordance of 
boundary links and homology boundary links. In particular, results of Cochran and 
Orr ||, |4|], Gilmer and Livingston |7j], and Levine |18| will be generalized. 

2. Signatures of matrices 

In this section, we study algebraic properties of the signature function o\ and its jump 
function 5 A that will play a key role in our link signature theory. It is known that if A 
is a complex square matrix such that A ± A T is nonsingular, the function e 1 ^ \— > o~ q A {4>) is 
constant except at finitely many jumps where e 1 ^ is a zero of det(tA — eA T ), and so the 
jump function S A is well-defined. In general, 5 q A is well-defined for any complex square 
matrix A. We accompany a proof since we did not find one in the literature. Let ~ denote 
the usual involution (X] ^*) - = Yli^it~ l on the Laurent polynomial ring C[i, 

Lemma 2.1. Let Q(t) be a square matrix over C[t, t~ l ] that satisfies Q(t) = (Q(t) T )~ . 
Then for any O £ R-? the signature of ' Q{e^) is locally constant on a deleted neighborhood 
of 00; i-e., it is constant on each of (0o — r , <Po) and (0o, 0o + r ) f or some r > 0. 

Proof. First we show that the rank of Q{e ir ^) is constant on a deleted neighborhood 
of 0o- Let R be a square matrix obtained by deleting some rows and columns from 
Q(t) and denote its determinant by dn(t). Then either dn(t) = or there is a deleted 
neighborhood Ur of O where d R (e 1 ^) ^ since dn(t) is a Laurent polynomial over C. 
Since there are finitely many R, the intersection of all Ur is a deleted neighborhood of 
4>o where rankQ(e i?i ) is constant. 

Now it suffices to show that signQ(e 4<?i ) is locally constant on any open interval J 
where rankQ(e^) is constant. Near a fixed 0i in J, Q{e l< ^) is congruent to a diagonal 
matrix whose diagonals Aj(</>) are real- valued continuous functions on 0. We can choose 
a neighborhood U of 0i in J such that if \j{(f>i) ^ 0, then Aj(0) ^ and its sign is not 
changed in U. Since rank(5(e J<?;> ) is constant, Xj(<p) — on U if \j{<pi) = 0. Therefore 
signQ(e^) is constant on U. □ 

From the lemma, it is immediate that for an arbitrary A, the function e 1 ^ \— > o~ A {(f) is 
locally constant except at finitely many jumps on the unit circle and so S A is well-defined. 

As mentioned in the introduction, signature invariants of links are defined from the 
signature functions of Seifert matrices of generalized Seifert surfaces. Note that a union 
of parallel copies of a generalized Seifert surface is again a generalized Seifert surface. 
Since both of them can be used to define signature invariants of links, we are naturally 
led to investigate a relation of the signature functions of them. Explicitly, for an r-tuple 
a = (si, ... ,s r ) with s n = ±1, consider the union of r parallel copies of a Seifert surface 
F of a (2q — l)-link, where the n-th copy is oriented according to the sign of s n . If A is a 
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Seifert matrix of F, the Seifert matrix of the union of parallel copies is given as follows. 

A x A A ■■■ A' 

eA T A 2 A 
eA T eA T A, 



HA 



A 
A 



eA T eA T eA T 
where 

A if s n = 1, 
eA T if s n = -1. 

The following result shows that the signature jump functions of i q a A and A are essentially 
equivalent up to a change of parameters. To simplify statements, we define sgnO to be 
zero. 

Theorem 2.1 (Reparametrization formula). Ifn a ^0 or A — eA T is nonsingular, then 
^% A {0) = sgnn a • 5 q A (n a 6). 



The rest of this section is devoted to the proof of Theorem 2.1 



For later use, we introduce some notations. For a nonzero integer r, let i q r A 



A 



where a r is an |r|-tuple whose entries are r/\r\. We denote i^, i 2 a by i+, i~, respectively, 
and use similar notations for a and 5. Since Seifert pairing of links in rational homology 
spheres is rational- valued (see Section ||), we assume that A is a square matrix over Q. 
For a positive integer a, let r] a : R — ► Z be the step function of period 27r given by 

{a + l-2k, if 2n(k - I) /a < < 2ixk/a {k = l,...,a) 
a — 2k, if = 2nk/a (k = 1, . . . , a — 1) 
if = 0. 

For negative a, let r] a (<p) = ry_ (— 0) and let r/ o (0) = 0. 



Lemma 2.2. Suppose thate lk ^ ^ 1 fork = 1, 
we have 

2. af_ A (0) = Vna (0) • sign(A + A T ) + a A (n a 



, r. 7/n a 7^ or A—eA T is nonsingular, 



e «0_ First we note that if w ^ 1 
(T^(0) = sign 



Proof. Let w 



We will prove some matrix congruence relations. Consider the matrix 

-w k A-eA T A X T ~ 

X T 
Y 



fc_i 

T 



eA 
X 



A 

wB-eB T 



w—l 

X 



where B = A or eA T . Subtracting the second row from the first row and performing the 
corresponding column operation, a new matrix is obtained. Subsequently we perform the 
following row operations and corresponding column operations: If k ^ —1 and B = A, 
we add the first row times w{w k — 1)/ {w k+1 — 1) to the second row. If k = — 1 and B = A, 
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we assume A — eA is nonsingular and add the top row times (1 — w)X(A — eA ) 1 to 



the bottom row. Then we obtain 

' (w k+1 -l)(A-eA T ) q 

w k+1 A-eA T 



(w-l)(w k -l) 






X 





X T 
Y 



and 







eA T -A 







10— 1 

w(eA T -A) wA-eA T 
w—1 w—1 

o or 



o 



respectively. If B = eA T , replace w by w 1 and A; by —k, respectively. Then we obtain 

'(w k - 1 -l)(A-eA T ) 










w k ~ 1 A-eA' 1 
w k ~ 1 —l 

X 





X T 
Y 



and 



w{A-eA T ) 
w—1 

A—eA T w(eA T )-A 







w — 1 





to — 1 







Y 



for k ^ 1 and fc = 1, respectively. 

Now we prove the lemma. Note that e(i q a A) T = i 9 _ a A and a A (—<f)) = <7^ AT (<j)), where 
— (si, ... , s r ) = (— si, . . . , — s r ). We may assume that n a > and furthermore by rear- 
ranging Sj we may assume s± = ■ • • = s u = 1 and = • • • = s r = — 1 where u > r/2. 
For, if n a < and the lemma is proved for the case of n a > 0, 



(0) 



4 ,( 



c7+((-n a )(-0)) ife=l 
a A -((-n a )(-(f>))+r ] „ na (- ( p)sign(A + A T ) if e = -1 

and the conclusion follows. 

Suppose n a > 0. By applying repeatedly the first and third congruence relations in 
the above to the matrix 

A x A A 
eA T A 2 A 
eA T eA T A* 



(1) 



where 



w(i%A) - {i%A) 



T 



W 



eA T eA T eA T 



A 
A 
A 



A, 



A, 



wA-eA T 

w—1 
w (eA T )-e(eA T ) T 
w—1 



if s n 
if s n 



we obtain a matrix that is a block sum of 

<w 2 -l)(A-eA T ) (w u - 1)(A - eA T ) 



(2) 



and 



1) 



(w-ixy 1 - 1 - r 



{w 



u-1 



l)(A-eA 



W 



u—(r—u) 



l){A-eA 



(w- 1 - l)(w u - 1) 
w na A - eA 



{W- 1 - l)( W u-(r-u)+l _ !) 



If e = 1, the contribution of (0) to the signature is zero since sign(i(A — A T )) = 0. 
(Recall that A is a matrix over Q.) This proves the conclusion for n a > and e = 1. 
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If e = —1, let f n {4>) = — sin(n + 1)0 + sin n0 + sin <fi. Then we have 

, , „ i(w n+1 - 1) i(w n - 1) 

sgn f n ((j)) = sgn — —— = - sgn —— 



(3) 



(w-l)(w n -l) to (w- 1 - l)(w n+1 - 1) 

and therefore 

u— 1 r— m 

oJ« (0) = cx^(n a 0) + sign(A + A T )(^sgn/ n (» - ^ sgn f u - n (<f>) 

n=l n=l 
n a -l 

= a q A (n a 4>) + sign(A + A T ) ^ sgn / n (0). 

n=l 

By an elementary calculation, it is easily shown that f n is zero at <fi = 2irk/(n + l), 2irk/n, 
and f n (<f>) > on (2n{k - l)/n,2irk/{n + 1)) and / n (0) < on (2rrk/(n + l),27rA;/n). 
Hence by induction on n a the sum in the above equation is equal to i] na (0) . This proves 
the conclusion for n a > and e = — 1. 

Suppose n a = 0. In this case, the proof also proceeds in a similar way. We transform 
the matrix (|1]) to a block sum of matrices in (|2|) and 

-^( A -eA T ) 

by applying all of the four congruence relations shown before. The signature of @ is 
zero since A — eA T is nonsingular. Hence we have a q qA (<j)) = 0. On the other hand, 
a A (n a (f>) = (7^(0) = for e = 1, and ?7n Q (0) sign(A + A T ) + a A ~{n a (f)) = for e = — 1. This 
completes the proof. □ 

Now we are ready to prove the main theorem of this section. 

Proof of Theorem |Ti|. If n a = and A — eA T is nonsingular, a q q A is the zero function by 
Lemma p72| , and so 5 q q A (9) = = sgnn a • 5 q A {n a 9) for all 9. 

Suppose n a > 0. By Lemma pTTj , we can choose e , ei > such that c^(A) is constant 
on each of [9 — to, 9), (9, 9 + ei], [n a 9 — n a eo,n a 9) and (n a 9, n a 9 + n a ei\. We may assume 
that (9 — €q)/tt and (9 + ei)/ir are irrational. For e = 1, by Lemma |2T2 

5+ A (9)=o-+ A (9 + e 1 )-o-+ A (9-eo) 

= <y\{.n a (9 + ei)) - a\{n a {9 - e )) 

For e = —1, if 9 = 2-nk then the conclusion is trivial since S A (2Trk) = for any A. If not, 
we have 

6- A {0) = { Vna (9 + Cl ) - 7^(0 - e )) sign(A + A T ) 

+ (^(b^ + n a ei) - cr A (n a 9 - n a e )). 

by Lemma |2~2| li 9 ^ 2Tik/n a for any A;, we may assume that rj na is constant near 9, and 
the theorem is proved from the above equation. If 9 = 2irk/n a for some k that is not a 
multiple of n a , then 5~_ (9) = —2 sign(A + A T ) + (a A (27ik + n a ei) — cr7 (27r/c — n Q eo)) = 

= £7(^a$) since <r^(±0) = ±sign(A + A T ) for all sufficiently small > 0. 



JAE CHOON CHA AND KI HYOUNG KO 



If n a < 0, we have 5 q q (9) = 8^. q A y{&) = —S$t A (—@) = — ^U 77 ^); as i n the proof of 



Lemma 2.2. □ 



We remark that a similar argument shows an analogous result for Alexander polynomi- 
als defined by A q A (t) = det(tA - eA T ): HA-eA T is nonsingular, then A^Jt) = A q A {t n <*) 
up to units of Q[t, t -1 ]. This result is mentioned and used in 

We finish this section with a remark on the matrix cobordism groups. Consider the 
set of rational matrices A such that A — eA T is nonsingular. Define the block sum 
operation and cobordisms of such matrices as in [17||. Then arguments of [17] show 



that the cobordism of such matrices is an equivalence relation and that the set 
of cobordism classes becomes an abelian group under the block sum. Then i q a induces a 
group homomorphism on G® and both 5 A and i q a are well-defined on Gp. Thus Lemma 2^ 
also makes sense when A is regarded as its cobordism class. 

3. Seifert surfaces of links 

In this section, we study links and their Seifert surfaces in rational homology spheres. 
We start with a review of rational-valued linking numbers. Let x, y be disjoint p, g-cycles 
respectively in a (n + 2)-rational homology sphere £ where p + q — n + 1. Since H P (E), 
H g (E) are torsion, there are {p + 1), (q+ l)-chains u, v in £ such that du = ax, dv = by 
for some nonzero integers a, b. The linking number of x and y is defined to be lks(x, y) = 
(l/b)(x ■ v) = (— l) q+1 (l/a)(u ■ y) where ■ denotes the intersection number in S. The 
linking number lks(x,y) is determined by x and y and is independent of the choices of 
a, b, u and v. When the ambient space is obvious, we will denote the linking number 
by lk(x, y). We remark that lk(— , — ) is well-defined only for disjoint cycles, and its value 
modulo Z is well-defined for homology classes. 

The following properties of the linking number are easily checked. First, if c[x! — x) = 
dw for some c ^ and (p + l)-chain w disjoint to y, then lk(— ,y) assumes the same 
value on x, x'. lk(x, — ) has the same property. Second, suppose that S is a boundary 
component of an (n + 3)-manifold A such that H p+ \(A; Q) = H q+ i(A; Q) = 0. If x, y are 
as above and u, v are relative (p + 1), (q+ l)-cycles of (A, E) such that du = ax, dv = by 
for some a, b ^ 0, lk(x, y) = {\/ab){u ■ v). 

We give a formula for linking numbers in a rational homology 3-sphere described by 
a Kirby diagram. For an m-component framed link, we define the linking matrix A to 
be a square matrix of dimension m whose (z,j)-entry is the linking number of the i-th 
component and the j-th longitude with respect to the framing. 

Theorem 3.1. Let L — K\ U • • • U K m be a framed link in S 3 such that the result of 
surgery on S 3 along L is a rational homology sphere E. Let A = (a^) be the linking 
matrix of L. For disjoint 1-cycles a, b in S 3 — L, we have 

lk E (a, b) = lk s s(a, b) - x T A' 1 y 

where x = (xi), y = (y-i) are column vectors with Xi = lkg3(a, -fTj), yi = ^53(6,^), 
respectively. 

Proof. Let meridian curve on a tubular neighborhood of Ki. Let u and be 

2-chains in S 3 that are transverse to L and bounded by b and a 0-linking longitude of K iy 
respectively. Let u and u~i be chains obtained by removing from u and Ui the intersection 
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with an open tubular neighborhood of L, respectively. Let q be the core of the 2-handle 
attached along Ki. Let v — ku + ^ Ziiiii + q) be a chain in X, where k, Zi are integers 
to be specified later. Then dv is homologous to kb — J2j^2i(^Hj + z i a ij)^j- Thus if 
z = , z m ) satisfies zA = —ky, then dv is homologous to kb. Since X is a Q- 

homology sphere, A is invertible over Q. So we can take as A; a nonzero common multiple 
of denominators of entries of A -1 ?/, and z = —kA~ 1 y. Now we have 

lk s (a, b) = i(a • v) 

= \ ( lks3 ^ ^ + ^ XA ) 

i 

= \k s s(a, b) - x T A~ l y 

□ 

Now we turn our attention to links. The main goal of this section is to study the 
existence of a generalized Seifert surface of a given type r for links. Let L be an n-link in 
a rational homology sphere, and suppose n > 1. L can be viewed as a framed manifold 
since all framings are equivalent. Generally, for a framed sub manifold M of codimension 2 
in a manifold W , we identify a tubular neighborhood of M with M x D 2 with respect to 
the framing, and in particular identify M x S 1 with a submanifold in the boundary of the 
exterior Em = W — M x int(-D 2 ). We say (W, M) is primitive if there is a homomorphism 
of Hi(Em) — ► Z whose composition with Hi(M x S* 1 ) — > Hi(E M ) is the same as the 
projection Hi(M x S* 1 ) — > Hi(S v ) = Z. When is obvious, we say M is primitive. By 
a standard use of obstruction theory, transversality and Thom-Pontryagin construction, 
L is primitive if and only if L bounds a Seifert surface. 

Our main observation is that certain unions of parallel copies of L is primitive and 
hence bound Seifert surfaces. We use the following notations to denote parallel copies of 
a framed submanifold M in W . For an r-tuple a = (s±, ... ,s r ) where = ±1, let n a 
be the sum of Si as before, and i a M be the union of r parallel copies of M in W with 
respect to the framing where the i-th copy is oriented according to the sign of Sj. For a 
nonzero integer r, let i r M = i a M where a is the r-tuple (sgnr, . . . , sgnr). 

We assert that i a L is primitive if and only if n a is a multiple of c, where c is a positive 
integer given as follows. Let tp: Hi(El;Q,) — > Q be the homomorphism sending each 
meridian to 1, which is uniquely determined by the Alexander duality. Let P be the 
quotient group of Hi(El) by its torsion subgroup. Since P <g> Q = Hi(El, Q), we can 
view P as a subgroup of Hi(E L ; Q). Choose a basis {eA- of P, and let c be the positive 
least common multiple of denominators of the reduced fractional expression of (p{e,j). We 
call c be the complexity of L. c is independent to the choice of the basis. Note that 
cip(P) C Z C Q and hence a homomorphism <fi from P into Z is induced by op. 

Suppose that i a L is primitive for a = (s±, . . . , s r ). Assuming that i a L is the product 
of L and r points in the tubular neighborhood L x D 2 , we can view E L as a subspace of 
Ei a L- There is a homomorphism of Hi{Ei a £) into Z sending each meridian of i a L to 1, 
and it induces a homomorphism h of P — Hi(El) /torsion to Z sending each meridian of 
L to n a . The homomorphisms (l/n a )(h <8> 1q) and </? on P (g) Q = Hi(El, Q) are equal 
since they assume the same value on meridians. Hence h(ei)/n a = <p(ei) and so n a is a 
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multiple of the denominator of tpfeA. This shows that multiple of c. Conversely, 

suppose n a = kc for some integer k. Then the homomorphism kip: H\{Ei) — > Z sends 
each meridian of L to n a , and it extends to a homomorphism of H^E^l) to Z sending 
each meridian of i a L to 1. This proves the assertion. 

For a type r = (rj) for L, let L r be the union of T{ parallel copies (negatively oriented if 
Ti < 0) of the i-th component of L over all i. We call the complexity of L T the complexity 
of type r for L and denote it by c T (L). A generalized Seifert surface of type r with 
complexity r for L is a Seifert surface of i r L T , which exists if and only if i r L T is primitive. 
This holds exactly when r is a multiple of c T (L). In particular, 

Theorem 3.2. For n > 1, an n-link L admits a generalized Seifert surface of any type r. 

Theorem 3.3. Fix a basis of P = Hi(Ei)/ torsion, and let B be a matrix whose i-th 
column represents the i-th meridian of L with respect to the basis. Then c T (L) is equal to 
the least common multiple of denominators (of a reduced fractional expression ) of entries 
of the row vector t t B~ x . (We view t as a column vector.) 

Proof. First of all, B is invertible since meridians are independent. Consider the homo- 
morphism of Hi(E L t; Q) to Q sending meridians to 1. Viewing E L as a subspace of E L t, 
a homomorphism of Hi(El', Q) to Q sending the i-th meridian of L to Ti is induced. 
Suppose that the i-th basis of P is sent to Xi under the induced homomorphism. By the 
definition of the complexity, the least common multiple of the denominators of Xi is equal 
to c T (L). The row vector x = (x^ satisfies xB = r T , and so x = t t B^ 1 as desired. □ 

Now we consider 1-links in a rational homology sphere. Our result for 1-links is ex- 
pressed in terms of a linking matrix of L (for any choice of a framing) as follows. We say 
a 1-link L admits type r if there is a generalized Seifert surface of type r for L. 

Theorem 3.4. A 1-link L admits type r if and only if for a linking matrix A = (ajj) 
with respect to a (or any) framing, 

1 i 

J 

is an integer for all i. 

First we will investigate when a generalized Seifert surface inducing a given fixed fram- 



ing exists, and then show Theorem |3.4j . Let L be a 1-link, / be a framing on L and 
A = (aij) be the linking matrix with respect to /. 

Lemma 3.1. There exists a generalized Seifert surface of type r = (jA for L that induces 
the same framing on its boundary as the framing induced by f if and only if 



2^ ai i T i = 



for all i. 



Proof. Let L T be the link obtained by taking Tj parallel copies of the i-th components of 
L with respect to the given framing /. L admits a desired generalized Seifert surface of 
complexity r if and only if i r L T is primitive. Since H\(Elt] Q) is generated by meridians of 
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L T , for any multiple r of the complexity of L T we obtain a homomorphism of H\{Ei T L-r) 
to Z sending each meridian of i r L T to 1, by the arguments for higher dimensional links. 
In order to show that i r L T is primitive, we need to check whether the longitudes of i r L T 
is sent to zero by 0, or equivalently, the longitudes of L is sent to zero by the unique 
homomorphism from Hi(El',Q) — > Q sending meridians fij of L to Tj. Since the z-th 
longitude of L is equal to . a^/ij in Hi(El; Q), the conclusion follows. □ 

Proof of Theorem f^. Let A be a linking matrix of a 1-link L with respect to a fixed 
framing /. Then the z-th longitude with respect to an arbitrary framing /' is homologous 
to the sum of the z-th longitude with respect to / and a multiple of the z-th meridian in 
the complement of L. Hence the linking matrix with respect to /' is of the form A + D 
where D is a diagonal matrix of integers. Conversely, D determines a framing since 
framings are in 1-1 correspondence with elements of Hi(L; it^SO^)) — Z m . 

Therefore, by Lemma |3.1| , there is a generalized Seifert surface of type r if and only if 
(A + D)t = for some diagonal matrix D of integers, or equivalently, ^ J2j a ij T j is an 
integer for all z. □ 



We remark that generalized Seifert surfaces of the same type induce the same framing, 
since in the above proof the numbers di are determined by r = (r^). From now on, for a 
1-link L and a type r admitted by L, we denote by L T the union of 7$ parallel copies of 
the z-th component of L with respect the framing determined by r. 

Example. 1. If a linking matrix of a link L is zero, then any type is admitted. 

2. If L is a link in a homology sphere, each entry of a linking matrix is an integer. 
Hence type (1 ■ • • 1) is admitted. 

3. Let C be an m-component unlink in S 3 and L be the union of meridian curves 
of components of C. A rational homology sphere S is obtained by n-surgery on each 



component of C for n > 2, and L can be viewed as a link in E. By Theorem |3.1| , the 



diagonal matrix with diagonals — 1/n is a linking matrix, and by Theorem |3.4j , L does 
not admit any type. 

4. For any given type r = (a, b), there is a link that admits only type ±r. For, 



suppose that a link L has linking matrix 



-b/3o 1/3 
1/3 -a/36 



If a type (x, y) is admitted by 



L, (y/x — b/a)/3 and (x/y — a/b)/3 are integers by Theorem |3.4| . This implies that 
(x,y) = ±(a, b). By the following lemma that classifies linking matrices, such a link L 
exists. 

Lemma 3.2. For any symmetric square matrix A with rational entries, there is a framed 
1-link in a rational homology sphere whose linking matrix is A. 

Proof. We claim that for any symmetric nonsingular m by m matrix V and m by n matrix 
B = (bij) with integral entries, there is an n-component framed 1-link in a rational 
homology sphere with linking matrix B T V^ 1 B. Consider the n-component standard 
unlink L in S 3 with zero-linking framing. We can construct an m-component framed link 
L' in S* 3 with linking matrix —V such that L and V are disjoint and the linking number 
of the z-th component V and the j-th component of L is b^. The result of surgery along 
L' is a rational homology 3-sphere E since —V is nonsingular. L can be viewed as a link 
in E, and the linking matrix of L in E is B T V~ X B, by Theorem |Q. 
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Any symmetric matrix A over Q can be written as A = P T [q §]P where D is a 
nonsingular diagonal matrix and each represents a zero matrix of suitable size. Choose a 
nonzero common multiple n of denominators of entries of P and D~ x and let B — n [ I o ] P, 
V = n 2 D~ l . Then B and V are matrices over Z, and we have A = B T V~ 1 B. By the 
claim, A is realized as a linking matrix of a 1-link in a rational homology sphere. □ 

We finish our discussion on 1-links by showing that the set of admitted types of a 
link is invariant under link concordance. For two Q-concordant 1-links, a framing on a 
concordance between the links induces framings on the links, and in fact this is a 1-1 
correspondence between the framings of the two links. 

Theorem 3.5. // 1-links Lq and L\ are Q-concordant, then Lq admits type r if and only 
if so does L%. Furthermore, r determines corresponding framings on Lq and L\. 

Proof. Since linking numbers are Q-concordance invariants, linking matrices of L Q and 
L\ with respect to corresponding framings are the same. Hence by Theorem |3.4|, the 



conclusion is proved. □ 

We remark that our complexity is motivated from a similar notion in [|3], |J]. The 
complexity in []3], || is similar to c T (L) for r = (1 ■ ■ ■ 1). In general the former is a 
multiple of the latter. 

From now on, we will consider only odd dimensional links. Let (£, L) be a (2q — l)-link 
and F be a generalized Seifert surface of type r. Define the Seifert pairing S: H q (F; Q) x 
H q (F; Q) — > Q by S([x], [y]) = \k(x + ,y) for two g-cycles x, y in F where x + denotes the 
cycle obtained by pushing x slightly along the positive normal direction of F. It is easily 
verified that S is well-defined. Choosing a basis of H q (F;Q), a matrix A over Q is 
associated to S. A is called a Seifert matrix of F. We remark that for q = 1, another 
convention is found in some literature where Seifert pairings and Seifert matrices are 
defined on the cokernel of Hi(dF) — > H\(F). These different conventions give different 
results in the case of links (e.g. consider a full-twisted annulus with Hopf link boundary 
in S 3 ). 

We remark that if A is a Seifert matrix of F, the matrix i q a A is a Seifert matrix of i a F. 

For q > 1, we can view a Seifert matrix A as a representative of an element [A] of the 
matrix cobordism group Gp, since A—eA T represents the intersection pairing on H q (F; Q) 
that is non-degenerated. The following is an analogous result of the well-known result 
of |15|, |16|]. Recall that a Q-concordance between two links is called primitive if there is a 
homomorphism of the first homology of its exterior into Z that sends each meridian and 
each longitude to 1 and 0, respectively. 

Lemma 3.3. Let A and Ai be Seifert matrices of Seifert surfaces for two {2q — l)-links 
(£ ,A)) an d (^i)-^i) that are Q-concordant via a primitive Q-concordance. If q > 1, 
then [A ] = [Ai] in Gf. 

In this case, everything is primitive and an argument in [|l6j can be used to prove the 
conclusion. Details are as follows. 

Proof. Let (S,L) be a primitive Q-concordance between (So,Lo) and (£i,Li), and Ej, 
be the exterior of L in S. We may assume S fl E^, = El and E x H -El = E^. For 
i — 0, 1, let Fi be a Seifert surface of Lj where Ai is defined. Let C be a parallel copy of 
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L in dEx, bounded by L\ — L . Let F = F U C U — Fx, a closed oriented submanifold of 
dEx, of codimension 1. 

Define a map h: dEx, — > S 1 by a Thorn- Pontryagin construction for F C <9.El- Since 
L is primitive, there is a homomorphism 0: Hx{Ex) — * Z sending each meridian to 1. 
Let i*: Hx{dEx) — > Hx{Ex) denote the map induced by the inclusion. Then and 
h* assume the same value on each meridian and so ipi* = h* since Z is torsion free. 
Therefore h is extended to a map Ex, — > S 1 . By a transversality argument, we construct 
a (2<7 + l)-submanifold R of .El such that dR = F. 

Since q > 1, H q (F) = H q (F ) © H q (Fx). Let S 1 be the bilinear pairing on H q (F) 
represented by the block sum of A and Ax- H = Kei(H q (F; Q) — > H q (R; Q)) is a half- 
dimensional subspace of H q (F; Q) by a duality argument, and 5 vanishes on H by the 
previous remarks on the linking number as in [Tj|. Therefore Aq and Ai are cobordant 
matrices. □ 

We note that the above proof does not work in the case of q = 1, since H q (F) is not 
isomorphic to H q (F ) © H q {F x ). 

Theorem 3.6. Let Ax, A2 be Seifert matrices of two Q- concordant (2q — 1) -links with 
q > 1. Then i^.[Ao] = ^L4i] in for some integer r > 0. 

Proof. Let L be a Q-concordance between two links whose Seifert matrices are Ax and A2. 
By the same argument as that for links, there is a nonzero integer r (the "complexity" of 
L) such that i r ~L is a primitive. i r Li is a Q-concordance of two links with Seifert matrices 
i q T A and if Ax. By Lemma U, [i q r A ] = [i q r Ax]. □ 

4. Signatures of links 

In this section we prove the invariance of signatures under link concordance. In the 
case of q > 1, Seifert matrices can be viewed as an element of and the invariance 



of signatures may be shown directly using Theorem |3l| Because this does not work for 
q — 1, we will interpret signatures via finite branched covers following ideas of |)], |10| to 
show the invariance of signatures in any odd dimensions. 

Suppose that d is a positive integer, (W,M) is a primitive pair, and Hx(W;Q) = 
H 2 (W;Q,) = 0. Then a homomorphism <ft: Hx(Em) — ► Z sending each meridian to 1 
exists uniquely, and the composition of 4> and the canonical projection Z — > Z^ determines 
a (i-fold cover W of W branched along M with a transformation t on W corresponding 
to 1 G Z d such that Wf/t — W. When W is even dimensional, define a k ^(W,M) to be 
the signature of the restriction of the intersection form of W on the e 2fc7n//rf -eigenspace of 
the induced homomorphism t* on the middle dimensional homology of W with complex 
coefficients. 

Let L be a primitive (2q — l)-link (that has the framing induced by a Seifert surface if 
q = 1) in a rational homology sphere S. 

Lemma 4.1. There is a primitive (2q + 2, 2q) -manifold pair (W, M) such that (E, L) is 
a boundary component of (W, M) and H^W; Q) = Hi(dW; Q) = for i — 1, . . . , 2q. 

Proof. Put W — S x [0, 1] and identify £ with S x 1. The map El — > given by 
primitiveness is extended to a map S — » Z) 2 in an obvious way, and the union of it and 
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a constant map E x — ■> S 1 is extended to a map — > D 2 . Then M is obtained by 
transversality at an interior point of D 2 . □ 

Note that the above argument is similar to that of the well-known special case E = 
S 2q+l where B 2q+2 can be taken as W. Hence it seems to be natural to take rational 
homology balls as W in our general case, however it is not known even when E is null- 
cobordant. This is why we allow boundary components of W other than E. 



The following result shows that if (W, M) satisfies the conditions of Lemma 
<Tk,d(Wj M) is independent of the choice of W and M. 

Lemma 4.2. Let (Wo,M ) and (Wi,Mx) be manifold pairs as in Lemma Then 
<T k , d (W ,M )=a ktd (W 1 ,M l ). 

Proof. We consider (W, M) = -(W , M )U (EjL) (W x , Mi). The idea is that (W, M) bounds 
a primitive pair (V, N) so that the signature of the branched cover of W vanishes. Then 
by the additivity of signatures, the signatures of branched covers of Wo and W\ are the 
same and the proof is completed. This is similar to the well-known argument for the 
case of E = S 2q+1 and Wj = B 2q+2 . In that case, we can take V = B 2q+3 and construct 
N by the argument of the proof of the previous lemma. For our general case, we take 
V = W x [0, 1] and proceed in the same way. Even though V is not closed, all extra 
boundary components have vanishing middle dimensional rational homology and hence 
have no contributions to signatures. □ 

We define Uk,d(L) = ak,d(W, M). By Lemma P~2| , ak,d{L) is well-defined. 

Lemma 4.3. If L is primitive and A is a Seifert matrix of a Seifert surface of L, 
cr M (L) = o- q A (2Tik/d). 

In 0, Chapter XII], Kauffman shows this lemma when L is a link in S 3 and <jk t d(L) 
is defined from (D , M) where M is a properly embedded surface in D 4 bounded by 
L. In fact the same argument can be applied to show that if W = E x I and M is 
obtained by pushing into W the interior of a Seifert surface where A is defined, then 
<7 M (W,M) = a q A (2-Kk/d). We omit the details. 

The following result as well as Lemma [O] is based on the idea that most of the 
techniques of signature invariants for links in spheres also work for links in rational 
homology spheres provided everything is primitive. In fact, for q > 1, this result is a 
consequence of Lemma |3.3| . We use a geometric argument to prove this result in any odd 
dimension. 

Lemma 4.4. If A and A\ are Seifert matrices defined on Seifert surfaces of primitive 
(2q — l)-links L and L\ that are Q-concordant via a primitive Q- concordance, S Ao (9) = 
5 q Ai {6) for all6. 

Proof. Let (S,L) be a primitive Q-concordance between two links L and L\. Choose a 
primitive pair (Wq,M ) where o"fc iC ;(Lo) can be defined. Let (W, M) = (W ,Mq) U(s ,l ) 
(S,L). Then M is also primitive. We will compute <Tk,d(Li) from (W, M). 

Note that for any sufficiently large prime p, the pair (S, L) can be considered as a 
concordance between links in Z p -homology spheres and in particular H q+ i(Ei,, El ; Z p ) = 
0. For such a prime p, let (S, L) and (E , L ) be the p-fold branched covers of (S, L) and 
(Hq,Lq), respectively. 
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We need the following consequence of Milnor's exact sequence for infinite cyclic cover- 
ings pi| . Suppose that (X, A) be a p-fold cyclic cover of a CW-complex (X, A) induced 
by a map Hi(X) — > that factors through the projection Z — > Zj. Then if Hi(X, A; Z p ) 
is zero, Hi(X, A; Z p ) is also zero. 

In our case, H q+ i(E L , E Lo ; Z p ) is zero and so H q+ i(E^ Ei ; Z p ) is also zero, for any 

large prime p. From a Mayer- Vietoris sequence for (S, E ) — (E^, Ei o ) U ((L, L ) x D 2 ), it 
follows that H q+1 (S, £ ; Z p ) is zero. Hence S contributes nothing to the signature of the 
branched covering of (W, M), and <Jk, P {W, M) = (Tk tP (Wo, M ) by additivity of signatures. 
Therefore ak tP (L ) = (Xfc )P (Li) and by Lemma pL~3| , o~ Ao (9) = cr Ai (9) if 9 = 2-nk/p for 
some large prime p and some integer k. Since the set of such 9 is dense in the real line, 
5 q Ao (9) = 6^(9) for sll 9. □ 

Now we are ready to show the invariance of the signature jump function under Q- 
concordance. The key to handle the non-primitive case is to combine the geometric 
result for the primitive case with the reparametrization formula in Section 0. 



Proof of Theorem [0|. We may similarly proceed as in the proof of Theorem |3.6| . (Indeed, 
for the case of q > 1, the result is a consequence of Theorem |3l].) Let L Q and L\ be Q- 
concordant links admitting the given type r. Let Aq and A\ be Seifert matrices of Seifert 
surfaces of i C0 Lq and i cl L\, respectively. Let L r be the union of parallel copies of the 
i-th component of a Q-concordance between L and L\. If q = 1, we need to take parallel 
copies with respect to the framing determined by r. As before, we can choose a positive 
integer r such that i r \7 is primitive. Then i r i cl i CQ L T Q and i r i co i Cl L[ are Q-concordant via 
the primitive Q-concordance i r i Co i Cl li T . Note that the links i r i Cl i Co LQ and i r i Co i Cl Ll are 
viewed as the boundaries of unions of parallel copies of Seifert surfaces of the links i Co Ll 
and i Cl L\. In the case of q — 1, the framing used to take ^-^fc and the framing induced 
by the Seifert surface of i Ck L T k must be compatible in order for i r i Cl i Co Ll and i r i Co i Cl Ll 
to be Q-concordant. This is where our framing condition in the definition of generalized 
Seifert surfaces for 1-links is necessary. 

The primitive links i r i Cl i CQ Ll and i r i co i Cl L\ have the Seifert matrices ili q cl A Q and i^i q A 1 , 
respectively. By Theorem |2.1| and Lemma |4.4| , we have 

5l o (6) = sgnc -51(6/00) 

= sgn c sgn c x ■ Aq (9/ rc ci) 

= sgn c sgn a ■ 5% q A (B/rc Q c x ) 



= sgn Cl - 5^(9/^ = 6^(9). 

This proves that is a Q-concordance invariant independent of the choice of gen- 

eralized Seifert surfaces. □ 

We remark that our framing condition for generalized Seifert surfaces of 1-links seems 
to be the minimal requirement for signatures to be well-defined Q-concordance invariants. 
For example, as an attempt to remove the framing condition, one may fix corresponding 
framings on for k = 0, 1 and consider i r L T k taken with respect to the framings, where r 
is a nonzero multiple of the complexity of concordance. It can be shown that they admit 
Seifert surfaces, and are Q-concordant via a primitive concordance. The signature jump 
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functions of Seifert matrices of i r Lk are equal by Lemma [4.4| . But the above argument 
can not be applied to prove that the reparametrizations 9 = 9/r of the signature jump 
functions are invariants of the original links and in fact they are not in general. 

We also remark that it is meaningful to consider types for higher dimensional links as 
well as 1-links. In fact the signature jump function of type r for a link L is no more than 
the signature jump function of type (1 • • • 1) for the link L T obtained by taking parallel 
copies, however, more information on L is obtained from types other than (1 ■ • ■ 1) even 
for higher dimensional links in the sphere. For example, suppose K is a knot that is not 
torsion in the (algebraic) knot concordance group (so that 5 k (9) is nontrivial fl7[l ) and 

L be a split union of K and — K. Then 5 L ^ is trivial, but if a ^ b, 8^' b \d) is nontrivial 
for some 9. 

For t = (1 • • • 1), we denote S T (L) and c T (L) by 5(L) and c(L), respectively. 



Now we prove Theorem 1.2 



Proof of Theorem [T~|. 1. If L is slice, 5 T L is equal to the signature of the unlink by 
Theorem |1 . 1| . Since the null matrix is a Seifert matrix for the unlink, 5 L (9) = 0. 

2. Choose a positive multiple r of c T (L), and let A be a Seifert matrix for i r L T . 
Then since i q a A is a Seifert matrix of i r i a L T , Sj aL (0) = S^, A (6/r) = sgan a ■ 5 q A {n a 9/r) = 



sgnn a • 5 T L (n a 9) by Theorem |2J 



3. Let A be a Seifert matrix of i c r^L T . Since 5 q A (9) is of period 2ir, 5 T L {9) = 5 q A {9 / c T (L)) 
is of period 2tt ■ c T (L). 

4. For i = 1,2, let Bi be a (2q + l)-ball in the ambient space £j of Li such that 
the connected sum (S,L) is obtained by gluing (Sj — mt(-Bj),Lj — int(£?j)) along their 
boundaries. We view £, — int(-Bj) as a subspace of E. Let c be a positive common 
multiple of c r (Li) and c r (L 2 ). Then there is a generalized Seifert surface Fi of type r 
with complexity c for Lj. We may assume that each component of Fi D is a 2g-disk 
whose boundary contains exactly one component of dFi D -Bj so that the intersection of 
F\ — int(-Bi) and F2 — int(i?2) consists of disjoint disks, and their union is a generalized 
Seifert surface F of type r with complexity c for L in S. 

For q > 1, let Aj be a Seifert matrix of Fj. We have = © H q (F 2 ), and 

Ai © A 2 is a Seifert matrix of F. Therefore 51(9) = 5 q A eA (0/c) = ^ (0/c) + (0/c) = 
^(^ + ^(0). 

For g = 1, Li and L 2 are 1-knots by hypothesis. We need additional arguments 
since H\(F) is not decomposed as above. For a manifold E, let denote the cokernel of 
Hi(dE) — ► Hi(E) by Hi(E). We assert that for any 1-knot and a generalized Seifert 
surface F of complexity c, the Seifert pairing on Hi(E) induces a well-defined "Seifert 
pairing" on Hi(E) that induces the signature jump function of the knot. For, if x is a 
boundary component of E, a parallel copy of E is a 2-chain whose boundary is homologous 
to cx in the complement of int(E) and so the linking number of x and any 1-cycle on 
int(E) is zero. This proves the assertion. 

Assume that Fi is connected for i = 1, 2. Let xq, ■ ■ ■ , x c -i be boundary components of 
F\ — int(-Bi). {xi} are ordered so that parallel cycles in S — F are obtained by pushing 
Xi and Xi + \ slightly along the negative and positive normal directions of F, respectively. 
Let yx, • • • , Uc-i be curves on int(F) such that the intersection number of yi and Xj on F 
is — where 5^ is the Kronecker symbol (see Figure [l] for a schematic picture). 
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Then H\{F) is the direct sum of Hx(F\), ^i(i^) and a free abelian group generated 
by xi, . . . ,x c _i and yi, ■ ■ ■ ,y c ~i- We will show that the generators Xj and have no 
contribution to the signature. 

Similarly to the proof of the previous assertion, it is shown that the linking number 
of Xi and any 1-cycle on the interior of Fj — mt (Bj) is zero. Furthermore, the value 
of the Seifert pairing at Xi and yj can be computed by counting intersections of the 1- 
cycle obtained by pushing y^ slightly and the 2-chain obtained by attaching (c— 1) annuli 
bounded by Xi —Xj (j ^ i) to F\ — int(£>i). By this argument we can verify that the Seifert 
matrix on H\{F) with respect to generators of Hi(Fi) and y±, 
given by 



y c -i, xi, 



,X c -i IS 



.4 



A, 



c-l c-2 c-3 

c c c 

_1 c-2 c-3 

c c c 



2 c-3 
c c 




where v4j is a Seifert matrix defined on Hi(Fi) and empty blocks represent zero matrices. 
The bottom-center block and middle- right block are nonsingular. In fact, subtracting 
the i-th row from the (i + l)-th row for each % = c — 2, . . . , 1, the bottom-center block 
becomes an upper-triangular nonsingular matrix, and similarly for the right-middle block. 
Hence the top-center block and middle-left block can be eliminated by row and column 
operations. This shows that A is congruent to the block sum of Ai, A 2 and a metabolic 
matrix. Therefore [A] = [Ai] + [A 2 ] in the matrix cobordism group G+x, and we have 
8 L (9) = 8+ (9/c) = 8% 1 (9/c) + 5+ 2 (9/c) = 8 Ll (9) + 8 L2 (9) as desired. ' □ 

By Theorem |1.2| , the signature jump function of a link L in an integral homology sphere 
always has the period 2ir since L T is primitive. However the period of the signature jump 
function of a link with nontrivial complexity in a rational homology sphere is not 27T in 
general. In the following example, for any nonzero rational number r we construct a knot 
whose signature jump function has the period 2nr. 

Example. Let K be a knot in S 2q+l and A be a Seifert matrix defined on a Seifert 
surface F of K. For k 7^ 0, a knot K' with Seifert matrix i\A is obtained by fusing the 
link i^K = d(i]-F) along \k\ — 1 bands whose interiors are disjoint to i^F . (We may take 
as K' a (k, l)-cable knot with companion K for q = 1.) 

Let S be an embedded (2q — l)-sphere with knot type K' and J be an unknotted 
(2q — l)-sphere that bounds a ball disjoint to S in S 2q+1 . Let C be a simple closed curve 
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F 1 mt(BJ F 2 - int(5 2 ) 




Figure 1. 



in S 2q+1 — SUJ whose linking numbers with S and J are n and —1, respectively, as shown 
in Figure ^| For n^O, the result of surgery along S and C (with respect to zero-framing 
if q — 1) is a rational homology sphere S, and J can be considered as a knot in S. 




Figure 2. 



ifi(£ — J) is an infinite cyclic group generated by a meridian u of S. The meridian /x of 



J is given by fi = nu in Hx(E — J). Hence c(J) = |n| by Theorem |3.3| . In fact, there is a 
submanifold in S 2q+1 bounded by the union of a parallel of S and i n J as in Figure ^ and 
a generalized Seifert surface i£ with complexity n for J is obtained by gluing a 2g-disk in 
£ to the submanifold along the parallel of S. For q ^ 1, z^A is a Seifert matrix of E. For 
g = 1, the block sum of i q k A and a zero matrix of dimension |n| — 1 is a Seifert matrix 
of -E. In any case, we have Sj(6) = sgnra • 5^g A (6/n) = sgn(k/n) ■ 5k{Q • k/n). 
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Figure 3. 



As a special case of this example, there are knots in rational homology spheres whose 
signature jump functions do not have the period 2n. Such knots are not Q-concordant to 
knots in (homology) spheres, by Theorem |1.2| . This illustrates that the Q-concordance 
theory of links in rational homology spheres is not reduced to that of links in spheres. 

Sophisticating the above arguments, we show Theorem 



1.3 



Proof of Theorem [T 
q, let 



and for even q, let 



Choose infinitely many distinct primes pi greater than 7. For odd 
.4 



1 1 
1 



A 



110 
10 
0-101 
1 



It is easily checked that 5\(Q) is nonzero if and only if 9 = mr(/c±l/6) for some integer k, 
where n — 1 for even q or n = 2 for odd q. Since A is a Seifert matrix of a knot in S 2q+1 
by [|H|[T6|], a (2q— l)-knot Ki in arational homology sphere such that 5^(0) = ^A^'ViH) 
is constructed by the above example. (For q = 2, we need to use the block sum of 8 copies 
of A to satisfy the extra condition |TB| forced by a result of Rochlin. Since the signature 
jump function multiplies by 8, this is irrelevant to our purpose.) In order to show that 
Ki's are independent, we consider a connected sum K of aiKi over all i, where all but 
finitely many a« are zero and cij ^ for some j . We will show that K is not Q-concordant 
to a knot in a integral homology sphere. This will complete the proof. 

By the additivity of signature jump function, Sk(0) = ^2iCiiS\(9 • Pi/7). We claim 
that 5K(7nTr/6pj) ^ but ^(7n7r/6pj + 2n) = 0. If a summand aiS\(nirpi/6pj) of 
5K{7nir/6pj) is nonzero, then nirpi/Qpj = mr(k ± 1/6) for some k, or equivalently Pi = 
Pj(6k ± 1). This implies pj \ Pi and % = j. This shows the first claim. On the other 
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hand, if a summand ai5\(mrpi/6pj + 2irpi/7) of 5s:(7wr/6pj + 2tt) is nonzero, then we 
have Pi(7n + 12pj) = 7npj(6k± 1) for some k, and 7 | pj or 7 | pj. This is a contradiction, 
and the second claim is proved. 



From the claims, 5k(0) is not of period 2ir. By Theorem |L2|, K is not Q-concordant 
to knots of period 2n, in particular, to knots in integral homology spheres. □ 

Another natural question is whether the homomorphism C n — > is injective. More 
generally, one may ask whether the natural map from the set of concordance classes of 
links in spheres into that of links in rational homology spheres is injective. We do not 
address these questions in this paper. 

We finish this paper with two applications illustrating that our results are also useful 



for links in spheres. One is a simple proof of the following result of Litherland JT9[ : Let K 
be a satellite knot with companion J, that is, K = h(J) where J is a 1-knot in a standard 
solid torus V in S 3 and h is a homeomorphism from V onto a tubular neighborhood of a 
knot K' sending a 0-linking longitude on dV to a 0-linking longitude of K' . Let r be the 
winding number of J in V. Then 5k{9) = 5j{0) + 5k'{t9). For, if A and B are Seifert 
matrices of J and K', then the block sum A(Bi^B is a Seifert matrix of K for some tuple 
a such that n a = r, and Litherland's formula is proved by Theorem |2.1| . We remark that 



a formula for Alexander polynomials of satellite knots |2B| can also be proved using an 
analogous result of Theorem |2TT| mentioned in Section ^. 

Another is a new proof of (a weaker version of) a result of Kawauchi [p| : If a (2q — 1)- 
knot K is not (algebraically if q — 1) torsion, then i r K is a boundary link that is 
never concordant to any split union for any r > 0. For, if i r K is concordant to a split 



link, 12K is concordant to a split union K U K, and then by Theorem |TTT] and [L2 
5a: (20) = <W#) = <5*w(0) = 26 K (9). This implies that 8 K {6) = for all 9 and fT is 
(algebraically if q — 1) torsion by a result of Levine ||17|| . 
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